linear systems of first order o.d.e.

STANDARD FORM

FUNDAMENTAL SET OF SYSTEM WITH CONSTANT COEFFICIENTS

A isan N xN matrix
x' = Ax
with real constant coefficients
1
looking for solution X = k2 e = Ke™
in the form :
k

EIGENVALUE PROBLEM

egenvalues A are the roots of

eigenvector K corresponding to A is non-trivial solution of equation (A - M)K =0

algebraic characteristic equation

det(A-Al)=0

(1) DISTINCT REAL EIGENVALUES  A,..., A,

FUNDAMENTAL SET

with corresponding eigenvectors K‘ yee _,K

Ke*, Ke* ..., Ke™

m

X, = a,X, +a,X,+...a, X, +f
X, = A,X, +a,X, +...3, X, +1,
X = aX+a,X,+...a, X +f
aij (t) , fl(t) ij=1,..,n t&E|CR are continuous functions
MATRIX FORM
x' = Ax+f
1 ; a,; a,; a,, f‘
x=|2 X = X’z A a.zw a.22 2n f= fZ
X, X’n A, Ay A f"
SOLUTION VECTOR
1
isacolumnvector X = which satisfies the system x' = Ax+f
Xn
HOMOGENEOUS SYSTEMS
x' = Ax

COMPLETE SOLUTION

FUNDAMENTAL SET

FUNDAMENTAL MATRIX

set of all solutions to homogeneous system
is a vector space of dimension n

any set of n linearly independent solution vectors

{x1,x2,...,xn}

columns are vectors from fundamental set
X =[x, x, X,]

wronskian W =detX(t) =0 V tel

(a basis for solution space)

(2) REPEATED EIGENVALUES

there are

linearly independent eigenvectors K

A is eigenvector of multiplicity M

STIEN

FUNDAMENTAL SET includes

find vectors

K,P.Q,

K, corresponding to

Ke*, K,e" ..., Kge"

there is only one eigenvector K corresponding to A

solutions of the matrix equations

(A-M)K =0
(A-M)P =K

(A—M)Q =P

FUNDAMENTAL SET includes

COMPLETE SOLUTION C,
(complementary function)
2 is a vector of
X = Xe where € = coefficients N N N 2 N N N
< Ke", Kte"+Pe", K—e" +Pte™ +Qe"
c 2
n
INITIAL-VALUE PROBLEM _ H
x =Ax  x(t,)=k (3) COMPLEX EIGENVALUES Ay=a+ip corresponding
P Iﬁ eigenvectors R
, =0 —
SOLUTION OF IVP 4
x = Xt)X(t,)k _ =
solution vectors x, =K, X, = Kﬁ"‘l
NON-HOMOGENEOUS SYSTEMS FUNDAMENTAL SET
includes real form of solution vectors
. ot
X' = Ax+f x, = (B, cospt - B, sinpt)e
COMPLETE SOLUTION where X, is any . ot
X = X + Xp panicularpsolution of X, = (Bz COSBt+ B1 sth)e
non-homogeneous system

VARIATION OF PARAMETER

x, = X(t) [X"(t)f(t)at

where

K, =Re(K,)+ilm(K,) = B, +iB,

COMPLETE SOLUTION X = X(te+X(t) f X7 (t)f(t)alt
INITIAL-VALUE PROBLEM X' = Ax+f x(t )_ K

= o) =
SOLUTION OF IVP x - XX, )k+X(t)j'X" (s)f(s)ds

MATRIX EXPONENTIAL

is a matrix represented
by a power series

general solution X

solution of IVP X

k
= Ew = I+tA+ﬁA2+£A3+~~
2 3l

“~ K
e"c+e” [ef(t)at

ek + e“fe‘“‘f(s)ds
to




